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ABSTRACT
The location of radio pulsars in the period-period derivative (P − P˙ ) plane has been a
key diagnostic tool since the early days of pulsar astronomy. Of particular importance
is how pulsars evolve through the P − P˙ diagram with time. Here we show that the
decay of the inclination angle (α˙) between the magnetic and rotation axes plays a
critical role. In particular, α˙ strongly impacts on the braking torque, an effect which
has been largely ignored in previous work. We carry out simulations which include a
negative α˙ term, and show that it is possible to reproduce the observational P − P˙
diagram without the need for either pulsars with long birth periods or magnetic field
decay. Our best model indicates a birth rate of 1 radio pulsar per century and a total
Galactic population of ∼20000 pulsars beaming towards Earth.
Key words: pulsars
1 INTRODUCTION
Upon the discovery of a radio pulsar, its position in the sky,
its spin period, P , and dispersion measure are immediately
known. The technique of pulsar timing subsequently allows
the slow-down rate, P˙ , to be determined. From the very
early days of pulsar astronomy, therefore, pulsars could be
placed on the P−P˙ plane. Figure 1 shows the modern P−P˙
diagram for 1600 of the known pulsars. In this figure we have
excluded all re-cycled pulsars to concentrate on the bulk of
the slow pulsar population.
If we assume that the pulsar is a magnetic dipole rotat-
ing in a vacuum, the surface magnetic field strength, B, is
given by
B =
√
3c3I
8π2R6sin2α
PP˙ (1)
where c is the speed of light, I is the moment of inertia of the
star, R is its radius and α is the inclination angle between
the rotation and magnetic axes. If therefore one assumes
that I and R are the same for all pulsars and sin2α = 1,
one can draw lines of constant B onto the P − P˙ diagram
(see Figure 1). Similarly, the spin-down energy, E˙, can be
written
E˙ = 4π2I
P˙
P 3
(2)
⋆ email: Simon.Johnston@csiro.au
and again this allows for lines of constant E˙ on the P − P˙
diagram. Finally, the characteristic age, τc of the pulsar is
computed via
τc =
P
2P˙
(3)
The value of τc is equal to the true age under the assumption
that the initial spin period of the pulsar is much less than
its current period and that dipolar magnetic braking is the
sole cause of the spin-down. Lines of constant τc are also
included in Figure 1.
Under the assumptions made above, the P − P˙ diagram
can be used as an evolutionary tool. Young pulsars live at
the top left of the diagram with small P and high P˙ . The
magnetars, with their high B-fields live in the top right of
the diagram. The bulk of the pulsars form a roughly circu-
lar shape in the diagram. Very few pulsars have E˙ below
1030 ergs−1; this marks the so-called death-line below which
it is believed radio emission ceases to be viable.
More generally, the spin-down of a pulsar can be written
in the form
ν˙ = −Kνn (4)
where here ν and ν˙ are the spin frequency and its derivative,
K is constant and n is the braking index. Taking the time
derivative of Equation 4 yields
n =
νν¨
ν˙2
(5)
and so n can in principle be measured if ν¨ can be obtained. If
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Figure 1. The P − P˙ diagram for 1600 known pulsars. Lines
of constant B are in blue, line of constant τc are green and line
of constant E˙ are light blue. From an initial position at P =
20 ms, P˙ = 10−12, the red arrows show time-evolution through
the diagram for n = 1.0, 2.7 and 6.0 from top to bottom.
both K and n are constant in time, a pulsar will then follow
a track in the P−P˙ diagram with a slope of 2−n. Theoretical
expectations are that if the torque is dominated by an out-
flowing wind then n = 1, if magnetic dipole dominated then
n = 3, and if magnetic quadropole dominated then n = 5 in
the absence of other effects (Alvarez & Carramin˜ana 2004).
Hamil et al. (2015) have shown that n can deviate from
these values because of the changing I as the star spins
down.
Two important modifications to this simple picture,
magnetic field decay and alignment of the spin and mag-
netic axes, were outlined in Tauris & Konar (2001). They
showed that, in this case, the braking index is a function of
time and depends on the time-evolution of B and α in the
following way:
n(t) = 3.0− 3c
3IB˙(t)
R6B3(t)sin2α(t)Ω2(t)
− 3c
3Icosα(t)α˙(t)
R6B2(t)sin3α(t)Ω2(t)
(6)
In this equation, the second term contains the time deriva-
tive of the magnetic field, B˙, with the third term relating to
the time derivative of the inclination axis, α˙.
Unfortunately ν¨ is small and difficult to measure, mak-
ing n hard to determine with any accuracy in all but
a handful of young pulsars. Measured values of n range
Figure 2. As for Figure 1. From an initial position at P = 20 ms,
P˙ = 10−12, the red lines denote time-evolution through the di-
agram in steps of 1000 yr according to Equation 6 for different
initial values of n. Evolutionary tracks end once the pulsar has
crossed the death line.
from 0.9 in PSR J1734–3333 (Espinoza et al. 2011) to
3.15 for PSR J1640–4631 (Archibald et al. 2016) though
Marshall et al. (2016) have recently reported n close to zero
for PSR B0540–69 in the Large Magellanic Cloud. Aston-
ishingly, the braking index of PSR J1846–0258 changed
from 2.65 to 2.19 in less than a decade (Archibald et al.
2015) and a smaller change was seen in PSR J1119–
6127 (Antonopoulou et al. 2015). This implies that substan-
tial torque changes can be applied to the star on short
timescales. We also note that Johnston & Galloway (1999)
proposed a way to obtain n without the need to measure ν¨
in a fully coherent solution. In their paper, they reported a
number of pulsars with high values of |n| (and small error
bars) over the timescale of a decade. They surmised that
these high values were caused by recovery from (unseen)
glitches but whatever the cause, high values of n are clearly
plausible.
In addition to direct measurements of n, there is a
mounting body of evidence for torque changes on short
timescales in many, if not all, pulsars. The class of pul-
sars known as ‘intermittents’ show that P˙ changes signif-
icantly between the ‘on’ and ‘off’ states likely due to the
presence of plasma in the magnetosphere (Kramer et al.
2006). Lyne et al. (2010) showed state (profile) changes ac-
companied by P˙ changes in a large number of pulsars, a
study backed up by Brook et al. (2016). Torque changes
c© 2016 RAS, MNRAS 000, 1–8
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may also be induced through interaction with asteroids
(Shannon et al. 2013; Brook et al. 2014) or free precession
(Kerr et al. 2016). With these results in mind, we therefore
modify Equation 6 to read
n(t) = n0 − 3c
3IB˙(t)
R6B3(t)sin2α(t)Ω2(t)
− 3c
3Icosα(t)α˙(t)
R6B2(t)sin3α(t)Ω2(t)
+ TN(t)
(7)
where now n0 is the initial braking index and TN(t) is a
random component of the braking index due to effects of
state changes, timing noise and/or intermittency. This will
be discussed further in Section 3.
A major unresolved challenge in pulsar astronomy is
determining where pulsars are born in the P−P˙ diagram and
how then they evolve through the diagram with time. We
explore this issue further in Section 2. In Section 3 we outline
our simulation, present the results in Section 4, discuss the
implications in Section 5 before concluding in Section 6.
2 EVOLUTION IN THE P − P˙ DIAGRAM
Two major problems confront us when we study the P − P˙
diagram. The first is that young pulsars such as the Crab
pulsar (P ≃ 33 ms, P˙ ≃ 4 × 10−13) appear to have mag-
netic fields larger than older pulsars. Hence, one idea is that
the magnetic field decays as pulsars get older as was first
postulated by Gunn & Ostriker (1970). This remains con-
troversial as more modern studies still press the case for
(e.g. Gonthier et al. 2004) and against (e.g. Lorimer et al.
1997) field decay. Theoretical work in this area also has not
reached a consensus, suggesting field decay is either unim-
portant (Goldreich & Reisenegger 1992) or relatively rapid
(Gullo´n et al. 2014; Igoshev & Popov 2015) over the pulsar
lifetime. We note that field decay almost certainly occurs
during episodes of mass accretion but this is not relevant to
the general population of isolated pulsars under considera-
tion here. The second issue is whether all pulsars are born
like the Crab pulsar with a fast (≃20 ms) initial spin period
and high magnetic field, or whether the P − P˙ diagram can
only be explained by postulating an ‘injection’ of pulsars
with much slower (∼500 ms) birth periods. This idea, first
championed by Vivekanand & Narayan (1981), still has re-
cent proponents (e.g. Vranesevic et al. 2004) but other stud-
ies find no need for long period at birth (e.g. Gonthier et al.
2002).
Population studies which attempt to replicate the prop-
erties of the observed pulsars follow two different ap-
proaches. The first is to take a snapshot of the Galaxy as
it appears today and match it to the observed popuation
(see e.g. Bates et al. 2014). The second is an ab initio ap-
proach which has evolution of pulsars from birth onwards.
As a fine example of the latter genre, we consider the com-
prehensive study of the birth and evolution of isolated radio
pulsars by Faucher-Gigue`re & Kaspi (2006). The major con-
clusions of their paper are that (i) magnetic field decay is
not significant, (ii) the luminosity L of a pulsar is propor-
tional to
√
E˙, (iii) the initial spin period has a mean of
300 ms with a wide distribution. One of the assumptions in
Faucher-Gigue`re & Kaspi (2006) is that the braking index
of a pulsar has a constant value over the pulsar’s lifetime
and although they explored a distribution in this constant
they did not attempt to model evolution of n as a function
of time. Similarly, more recent work by Ridley & Lorimer
(2010) investigated random values for n at birth but did not
consider n to vary with time. Both groups include α decay
in their simulations, and yet failed to include time-variable
n even though this is implied via Equation 7.
A more theoretical approach was taken by Gullo´n et al.
(2014) and they take proper account of the time evolution
of the magnetic field and the inclination angle. In addition,
they include the effects of plasma in the magnetosphere and
further consider the magneto-thermal evolution of the star.
They strongly favour a model where B˙ < 0 and a power-law
decay of α.
2.1 Evidence for non-zero α˙
Only one direct observational measurement of α˙ has been
made in a normal, isolated pulsar. Lyne et al. (2013) re-
ported on 22 years of timing of the Crab pulsar which shows
that α is increasing at a rate of 0.62 degrees per century.
Statistically, however, it appears the opposite is the case.
Tauris & Manchester (1998) examined the distribution of α
in the known pulsar population under the assumption of
filled circular beams and measurements of the pulse width.
They showed that there were many more small values of α
than expected and concluded that alignment must occur (i.e.
that α˙ < 0) on a timescale of 107 yr. Weltevrede & Johnston
(2008) came to very similar conclusions by attacking the
problem in a different way. They showed that the fraction
of pulsars with interpulses was inconsistent with a random
distribution of α. They concluded that although α was ran-
dom at birth, α˙ must be less than zero so that the magnetic
and rotational axes align with time. Jones (1976) argues
that alignment only begins to occur when the pulsar age
exceeds 104 yr, once the temperature-dependent dissipative
torque becomes negligible. If this is correct, the expectation
is that the value of α˙ in the Crab will change sign in the
future. The form of α decay has been considered theoreti-
cally by Philippov et al. (2014) for pulsars with and without
plasma loading of the magnetosphere. For the vacuum case,
pulsars align (unrealistically) fast. With plasma loading the
alignment time is much longer and the form of the decay is
power-law rather than exponential. Even in this case, how-
ever, the timescale is shorter than observers are comfortable
with. In light of the uncertainties in the theoretical models,
we assume an exponential decay of α with a timescale of
order 107 yr.
We note that in the case of the very old millisecond
pulsars and the neutron stars in X-ray binary systems, that
α 6= 0. However, these pulsars have had episodes of mass
accretion from their companion star. Mass accretion is ex-
pected to cause magnetic field decay in these systems (as
first postulated by Alpar et al. 1982) and almost certainly
causes a re-arrangement of the mangetic field structure and
hence α (Payne & Melatos 2004).
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3 SIMULATIONS
The thinking behind the introduction of a variable brak-
ing index is as follows: if all pulsars are born with parame-
ters similar to that of the Crab pulsar, can we use brak-
ing index alone to replicate the P − P˙ diagram without
the need for either magnetic field decay or for pulsars born
spinning slowly? We have seen that since the publication
of Faucher-Gigue`re & Kaspi (2006), our knowledge of the
braking indices of pulsars has changed dramatically. It now
appears evident that not only is there a wide range of n but
that n can change significantly even on short timescales.
Furthermore, as listed above, the evidence for α-decay is
strong and this implies a long-term evolution of n as shown
by Tauris & Konar (2001).
First consider straight line tracks in the P − P˙ diagram
(recalling that for a constant n, the evolution in the diagram
follows a slope of 2−n) for a pulsar with initial parameters of
P = 20 ms, P˙ = 10−12. In order for this pulsar to reach the
bottom left of the bulk of the population, n must be 6.0. For
it to reach the bottom right of the population, n must be 2.7
while to reach the magnetars at the extreme top right then
n must be 1.0. Figure 1 shows these tracks. Now consider
that n can vary with time as in Equation 6. Figure 2 shows
five example tracks with B˙ = 0 and an exponential decay of
α on a timescale of 107 yr.
Several ideas then manifest themselves. The first is that
n is fixed at birth, but takes a wide range of values sufficient
to be able to populate the P − P˙ plane. This idea was tested
by Faucher-Gigue`re & Kaspi (2006) and Ridley & Lorimer
(2010) and found not to provide a good match to the ob-
served population. The second is that n be time dependent
and perform a random walk over the allowed parameter
space. A simple simulation therefore involves using Equa-
tion 7 with B˙ = α˙ = 0, picking an initial value for n0 and
then allowing TN(t) to provide short timescale variations.
Finally, n varies according to Equation 7 and different com-
binations of B˙ and α˙ can be trialled in addition to the ran-
dom component TN(t).
In our simulation, we build on the work of others by fix-
ing many of the initial parameters. For the spatial distribu-
tion of pulsars we assume the form of the radial distribution
given by Lorimer (2004)
ρr(R) = Kr R
i e−R/σr (8)
where ρr(R) is the density of pulsars (per kpc
2) at radius
R (in kpc) from the Galactic Centre and Kr, i and σr are
constants with values of 64.6 kpc−2, 2.35 and 1.258 kpc re-
spectively. For the z-height distribution we use an exponen-
tial with a scale height of 330 pc (Lorimer et al. 2006). For
any given pulsar, therefore, we pick a random distance from
Earth, d, based on these distributions. We assume that α is
randomly distributed at birth (i.e. that the probability dis-
tribution is sin(α), see also Gullo´n et al. 2014) but exponen-
tially decays towards α = 0 with a time constant of 5×107 y
(Tauris & Manchester 1998; Weltevrede & Johnston 2008).
This is a crucial feature of our model because the beaming
fraction of pulsars with low α is smaller than at high α and
we have seen from Equation 7 how α˙ affects the value of n.
We take the half-opening angle ρ of a pulsar’s radio beam
(in degrees) at a canonical observing frequency of 1.4 GHz
Figure 3. P − P˙ diagram for the known pulsars (black points)
and the pulsars detected in the simulation (red points).
to be
ρ = 6.8P−0.5. (9)
This is slightly larger than generally assumed (Kramer et al.
1994) but in line with the results of Mitra & Rankin (2002).
The combination of α and ρ yields a beaming fraction, the
probability that the pulsar is beaming towards Earth (see
e.g. Tauris & Manchester 1998). If the pulsar is beaming
towards Earth we then pick a value of the impact param-
eter, β between −ρ and +ρ. The combination of ρ, α and
β then yields the observed pulse width, w (e.g. Gil et al.
1984). We also introduce a death line at E˙ = 1030 ergs−1 as
do Faucher-Gigue`re & Kaspi (2006).
We want to test the idea that all pulsars are born like
the Crab, so we fix the birth parameters at P = 20 ms,
P˙ = 10−12. Pulsar ages are evenly distributed in steps of
the birth rate, BR, up to some maximum age, Tmax so that
the number of pulsars is Tmax/BR. In principle Tmax could
be set to the age of the Galaxy; in practice we find that 108 y
is sufficient as pulsars older than this are either too faint to
be detectable or fall below the death line. The value of BR
ranges from 3 per century to less than 1 per century with
the arguments summarised in Keane & Kramer (2008). We
return to the value of this parameter in the next section.
This leaves us requiring a luminosity law, in order to
determine whether or not a pulsar beaming towards Earth is
actually detectable giving the sensitivity of radio telescopes.
Discussion over the form of the luminosity distribution of
radio pulsars has continued in the literature for more than 30
c© 2016 RAS, MNRAS 000, 1–8
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years, and is well summarised in Faucher-Gigue`re & Kaspi
(2006). An accepted form for the luminosity law is
logL = log(L0 P
ǫ1 P˙ ǫ2) + Lc. (10)
In the recent literature, Faucher-Gigue`re & Kaspi (2006)
and Gullo´n et al. (2014) have ǫ1 = −1.5, ǫ2 = 0.5 whereas
Ridley & Lorimer (2010) have ǫ1 = −1.0, ǫ2 = 0.5 and
Bates et al. (2014) have ǫ1 = −1.4, ǫ2 = 0.5. Once the lumi-
nosity is known we can convert to a (pseudo-) flux density;
S = Ld−2.
It is beyond the scope of this paper to reproduce the
complex selection effects of real pulsar surveys. Rather, we
make the conversion from luminosity to signal-to-noise ratio
(SNR) via
SNR =
L
d2S0
√
P − w
w
(11)
using a simple scaling term S0 which is adequate for our
purposes. The term inside the square root comes from the
fact that pulsars are not found via continuum imaging, but
rather through a Fourier technique which has the conse-
quence that narrow pulses are easier to detect than broad
pulses of the same power (Dewey et al. 1985).
The simulation therefore proceeds as follows. Initial pa-
rameters P , P˙ , d and α are chosen. The initial braking index,
n0 is drawn from a normal distribution with a mean of 2.8
and a σ of 1.0. The pulsar evolves in time, and values of P ,
P˙ , α and n (according to Equation 7) are updated. The form
of TN(t) is such that every 1000 y, a random value is picked
from a Gaussian distribution with a mean of the current
value of n and a σ of n/3. Once the pulsar has reached the
appropriate age, ρ, β, E˙, L and SNR are computed. A pul-
sar is deemed detectable if (a) it is beaming towards Earth,
(b) it has SNR > 10 (according to Equation 11 above) and
(c) its E˙ places it above the death line. The ensemble of de-
tected pulsars can then be compared with the known pulsar
population.
4 RESULTS OF THE SIMULATION
4.1 Luminosity law and birth rate
As with all population studies, the parameters of the lumi-
nosity law (Equation 10) are critical to the output of the
simulation. We set Lc = 0. Clearly, in the observed popula-
tion there can be large differences in luminosity for pulsars
with similar P and P˙ . In a statistical sense however, Lc
makes little difference to the outcome of the simulations.
We initially tested ǫ1 = ǫ2 = 0.0 so that the luminosity
is independent of P and P˙ . This yielded a large number of
detected pulsars with long periods and a ‘pile-up’ of detec-
tions close to the death line. This is clearly in disagreement
with the observations, a conclusion also reached by others
(Faucher-Gigue`re & Kaspi 2006; Ridley & Lorimer 2010).
We then tested ǫ1 = −1.5, ǫ2 = 0.5, the values favoured
by Faucher-Gigue`re & Kaspi (2006). This is appealing be-
cause it implies that L ∝ E˙1/2 similar to that seen in γ-ray
pulsars (Perera et al. 2013). We find that this luminosity
law results in the detection of too many young, short pe-
riod pulsars compared to the observed distribution. This is
because E˙ decreases by 8 orders of magnitude over the life-
time of a pulsar and so the luminosity law is strongly biased
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Figure 4. The difference between the observed and simulated
P − P˙ diagram, colour coded using Eq. 12. Red signifies an over-
abundance of simulated pulsars, blue an under-abundance.
towards high E˙ pulsars. To counteract this problem, the
general solution is to postulate long periods at birth as both
Faucher-Gigue`re & Kaspi (2006) and Bates et al. (2014) do.
Clearly though if ǫ1 = ǫ2 = 0.0 produces too many
old pulsars and ǫ1 = −1.5, ǫ2 = 0.5 produces too many
young pulsars, an alternative solution would be to have a
luminosity law somewhere in between these two possibilities.
Indeed, we find an acceptable fit to the observed pulsars can
be made by setting ǫ1 = −0.75, ǫ2 = 0.25.
We find the best fit to the data is obtained with BR set
to 1 per century. Higher values of BR result in the detection
of too many short period pulsars compared to the observed
population. Our value is significantly lower than the 2.8 per
century found by Faucher-Gigue`re & Kaspi (2006) and the
∼3 per century in Gullo´n et al. (2014) but within the errors
of the Lorimer et al. (2006) and Vranesevic et al. (2004) val-
ues.
4.2 Model performance
Figure 3 shows the comparison between the simulation and
the known pulsar population. As Faucher-Gigue`re & Kaspi
(2006) discussed, it is difficult to quantitively assess
the goodness-of-fit for these type of simulations. The
Kolmogorov-Smirnov (K-S) test is rather a blunt instru-
ment and does not work well for multi-dimensional data.
Although the K-S test could be used on individual parame-
ters such as P and P˙ , these parameters are not independent
making it hard to judge the output from the K-S test. We
therefore proceeded as follows: We generate 2D histograms
in the P − P˙ plane for both the observed and simulated
populations. The histograms are generated using a set of 20
bins of equal width in logarithm space along each direction,
and counting the number of simulated pulsars (Nsim) and
the number of observed pulsars (Nobs) for each 2D bin. We
then define the significance of the difference in the pairs of
numbers, R, through
R =
Nsim −Nobs√
Nsim +Nobs
(12)
and assign a colour scale to the range of values of R.
c© 2016 RAS, MNRAS 000, 1–8
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Figure 4 shows a visual representation of equation 12
and although the figure cannot be used in a statistical sense,
it is indicative of the goodness-of-fit of the model. The model
performs most poorly towards the bottom left of the P − P˙
diagram, where the simulation underpredicts the observed
numbers. Lorimer et al. (2004) speculate that this part of
the diagram contains pulsars originally part of a binary
system. Their magnetic field then decays and their spin
period decreases as a result of accretion of material from
the binary companion before the system disrupts after the
second supernova (Belczynski et al. 2010). This provides a
plausible explanation for the surfeit of pulsars in this part
of the diagram. Our model also somewhat underestimates
the magnetar population, those pulsars with long periods
and high P˙ . Although some evolutionary tracks head in the
right direction (see Figure 2), α decay pulls them down-
wards before they reach the magnetar area of the P − P˙
diagram. It remains unclear whether magnetars are a sepa-
rate class of pulsars or whether indeed they arise from evolu-
tion from a different part of P − P˙ space (Keane & Kramer
2008; Espinoza et al. 2011). Furthermore, magnetars appear
to have wide beams and do not conform to Equation 9.
This presumably implies that their beaming fraction is much
larger than our simulation supposed, causing our model to
underestimate their population.
5 DISCUSSION
5.1 Differences with other studies
There is strong evidence that α decays with time
(Tauris & Manchester 1998; Weltevrede & Johnston 2008;
Philippov et al. 2014) and therefore that n is time-variable
according to Equation 7. This is an integral part of our
model. Ridley & Lorimer (2010) consider α decay in detail
but they do not make the important connection between
this and the braking index. Their pulsars therefore do not
move correctly in P − P˙ space.
The optimum model of Faucher-Gigue`re & Kaspi
(2006) does not include α decay and assumes a constant
braking index of 3. Pulsars are therefore forced to move
along lines of constant B (see Figure 1). The observed pul-
sars have a wide range of B and so their model must reflect
this in the birth parameters. Indeed their model has σ = 0.55
(in the log) for the birthB field. In addition, their luminosity
law forces pulsars to be born with relatively long initial spin
periods to prevent an overabundance of short period pulsars.
In our model, pulsars have high B and short P at birth. Al-
though B does not decay, the apparent B (as computed via
Equation 1) drops because n becomes larger than 3 as the
pulsar ages. At the same time, we have flattened the depen-
dence of L on P , which alleviates the young pulsar problem.
It does not create an old pulsar problem, because old pulsars
have smaller α which reduces their beaming fraction and in-
creases the pulse width which reduces their detectability.
The work of Gonthier et al. (2004) includes the effect
of B-field decay with their optimal model having a decay
timescale of only 2.8 Myr. Initial spin periods are short,
and initial values of B are generally higher than found by
other groups. They also include a full description of core-
cone radio beams which modifies their luminosity law which
Figure 5. Cumulative distribution of the characteristic ages of
the known population (black) and the simulated detections (red)
with the true ages of the simulated pulsars shown in green.
has ǫ1 = −1.3, ǫ2 = 0.5. They do not consider α decay. In
some ways, our results reflect theirs; they set α˙ = 0 and
have B˙ < 0 whereas we have α˙ < 0 and B˙ = 0 which has
the same effect on n according to Equation 7. However, as
explained above smaller values of α for older pulsars reduces
their detectability which we believe is a crucial difference in
the modelling.
Finally Gullo´n et al. (2014) include both B-field and
α decay in their models. Although their results are rather
agnostic as to B-field decay they strongly prefer a power-
law decay of α. They have a similar luminosity law to
Faucher-Gigue`re & Kaspi (2006) and hence a large number
of pulsars with long initial periods. We disagree with their
findings that short initial periods cannot reproduce the P−P˙
diagram.
5.2 Implications
The idea that a time-variable braking index is a key com-
ponent in the evolution of pulsars in the P − P˙ diagram
leads to some testable predictions. First, as seen in Fig-
ure 2, old pulsars move vertically in P − P˙ space and
should have large values of n. For a pulsar with P ∼ 1s,
P˙ ∼ 10−15.5 and n ∼ 1000 it may be possible to mea-
sure ν¨ over a 20 yr period. Intriguingly, in the compilation
of Johnston & Galloway (1999), the two pulsars with the
largest values of P also have large values of n. Secondly,
pulsars with smaller values of α will have larger values of n
and this also applies to young pulsars where n is more easily
measurable. A further interesting test would therefore be to
try and measure n for a group of young pulsars with known
α such as the sample of Rookyard et al. (2015).
In our simulation, all pulsars are born with P =
20 ms. Clearly this is a simplification of the true pic-
ture but the observational evidence is strong that initial
spin periods are less than 150 ms for a large fraction of
the population. In contrast to our results, the best model
of Faucher-Gigue`re & Kaspi (2006) has 84% of their pul-
sars have spin periods larger than 150 ms and similarly
Gullo´n et al. (2014) have a uniform distrubution of initial
periods between 0 and 150 ms as their best fit. In both pa-
c© 2016 RAS, MNRAS 000, 1–8
Pulsar braking and the P − P˙ diagram 7
pers this appears to be a direct result of their luminosity
law and it is hard to reconcile this high fraction with the
observational evidence from the known young pulsars.
The results also have implications for the lifespan of
pulsars and hence the potentially detectable population. In
Faucher-Gigue`re & Kaspi (2006), τc is equivalent to the true
age and many pulsars live well in excess of 108 yr before
crossing the death line. This is not the case in our work;
in general τc is significantly greater than the true age, espe-
cially for older pulsars. For example, only 7% of the detected
population from the simulation have true ages greater than
107 yr whereas 35% have τc > 10
7 yr, similar to that of the
known population. Figure 5 shows the cumulative distribu-
tion of the characteristic and true ages of the pulsars. In
addition to the age differences, α decay reduces the number
of pulsars beaming towards Earth. Our modelling therefore
suggests that the population of radio-loud pulsars is only
2 × 105 and only 10% of these are beaming towards us, a
factor of ∼5 less than the Faucher-Gigue`re & Kaspi (2006)
result but close to the Lorimer et al. (2006) result. This indi-
cates that estimates for how many pulsars the Square Kilo-
metre Array will find (Keane et al. 2015) may be somewhat
overestimated.
6 CONCLUSIONS
Nearly fifty years after the discovery of the first radio pulsar,
their time-evolution remains a source of debate. Two topics
in particular remain a constant thread, the first being the
decay (or not) of the magnetic field, the second being their
birth parameters. The literature generally favours a lack of
field decay except through accretion and relatively large spin
periods at birth making the Crab pulsar an exception.
In this paper we show the importance of the decay of
the inclination angle between the magnetic and spin axes,
an idea which has firm footing in the literature. This decay
has two main effects. First it reduces the detectability of
older pulsars, as small α reduces the beaming fraction and
increases the observed pulse width. Secondly, it modifies the
spin-down evolution so that pulsars no longer follow a track
with constant slope in the P − P˙ diagram.
Although we have not attempted a full-blown popula-
tion analysis, we have shown that it is possible to have all
pulsars be born with parameters similar to that of the Crab
pulsar and still reproduce the bulk of the features of the
known population obviating the need for magnetic field de-
cay or pulsars with long initial spin periods. If these ideas
are correct, the birth rate of pulsars is 1 per 100 yr and there
are only ∼20000 pulsars beaming towards Earth.
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